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Question 1. Consider the Riemann problem for the Burgers equation

PDE: ∂tq + ∂xf(q) = 0 , f(q) = 1
2q

2 ,

IC: q(x, 0) = h(x) =


q̂ if x < 0 ,

−q̂ if x > 0 ,

 (1)

where q̂ > 0.

1. Show that the function

q(x, t) =


q̂ if x < 0 ,

−q̂ if x > 0
(2)

is a weak solution of the problem. Hint: select an arbitrary control volume in the x-t plane and
show that the integral form of the conservation law is satisfied.

2. Verify that the shock solution has speed zero (stationary shock) by applying the Rankine-
Hugoniot condition.

3. Plot the solution on the x-t plane, including the picture of characteristics on either side of the
discontinuity.

4. Verify that the solution satisfies the Lax entropy condition.

Question 2. Consider the augmented homogeneous shallow water equations

∂tQ + ∂xF(Q) = 0 , (3)

with

Q =

 h
hu
hψ

 , F(Q) =

 hu
hu2 + 1

2gh
2

huψ

 . (4)

1. Assuming smooth solutions, by expanding the time and spatial partial derivatives show that the
equations can be expressed in terms of the three variables h(x, t), u(x, t), ψ(x, t) and that the
governing equations are

∂th+ u∂xh+ h∂xu = 0 ,
∂tu+ u∂xu+ g∂xh = −gb′(x) ,
∂tψ + u∂xψ = 0 .

 (5)

2. Write these equations in matrix form

∂tW + B(W)∂xW = S(W) , (6)

identifying W, B(W) and S(W).

3. Demonstrate that system (6) is hyperbolic.

4. Determine the nature of the characteristic fields.
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Question 3. A conservative system of the form (3) is said to be homogeneous if

F(Q) = A(Q)Q , (7)

where A(Q) = ∂F
∂Q is the Jacobian matrix. Note the particular meaning of homogeneous system here.

1. Verify that the extended shallow water equations (3) do not satisfy the homogeneity property.

2. Find an approximate Jacobian matrix Ã for the shallow water equations (3) such that the
homogeneity property is satisfied, that is

F(Q) = ÃQ , (8)

3. Verify that a general linear hyperbolic system always satisfies the homogeneity property.

ATTENZIONE:
Ogni passo nello sviluppo delle risposte viene giustificato alla luce

della teoria.
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