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Summary

The human cardiovascular system is formed by a complex network
compliant blood vessels, connected to the heart and the lungs,

whose primary function is to carry nutrients dissolved in the blood
to all tissues and to collect metabolic waste.

Crucial aspect: the dynamics of blood flow
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When can mathematics help ?

• Many medical conditions originate from malfunctioning of the
cardiovascular system

• Examples include: atherosclerosis, aneurysms (e.g. in brain) and
many more

• Most well-known conditions are related to the arterial system (well
studied)

• New studies link neurodegenerative and other diseases to the venous
system (less studied)

• Surgical planning can benefit from simulation of blood flow dynamics

• Design of prosthesis, stents, etc

• Design of medical devises in industrial context

• Simulators of the cardiovascular system can be useful for training
purposes (anaesthesiologists and surgeons)
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Systemic circulation. Overview

A network of blood vessels:

• Heart

• Arteries

• Arterioles

• Capillaries

• Postcapillary venules

• Venules

• Veins

• Heart (again)
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The Heart

Fig. 1. The heart simplified. Sketch of the main components
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The heart functions:

• LV: Left Ventricle. Pumps oxygenated blood into the arterial network,
thus delivering oxygen and nutrients to tissues.

• RV: Right Ventricle. Pumps deoxygenated blood into the pulmonary
artery and then to the pulmonary circulation.

• RA: Right Atrium. Collects venous blood carrying carbon dioxide
from metabolism and passes it to RV.

• LA: Left Atrium. Collects oxygenated blood from the pulmonary
system and passes it to LV.
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Fig. 2. The heart again. Blood flows into the right atrium through the superior vena cava, inferior vena cava, and coronary
sinus and into the left atrium through four pulmonary veins. (Tortora an Derrickson, 2009)
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Fig. 3. Overview of circulation (Levick, 2010)
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Fig. 4. Major components of the human arterial system (Tortora an Derrickson, 2009) 9 / 44



Fig. 5. Major components of the human venous system (Tortora an Derrickson, 2009) 10 / 44



Fig. 6. Circulation routes (Tortora an Derrickson, 2009) 11 / 44



Fig. 7. Illustration of microvessels (Tortora an Derrickson, 2009) 12 / 44



Fig. 8. Systemic and pulmonary circulations. The left side of the heart pumps oxygenated blood into the systemic circulation to
all tissues of the body except the air sacs (alveoli) of the lungs. The right side of the heart pumps deoxygenated blood into the

pulmonary circulation to the air sacs (alveoli) of the lungs. (Tortora an Derrickson, 2009)
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Fig. 9. Cardiac cycle. (a) ECG. (b) Changes in left atrial pressure (green line), left ventricular pressure (blue line), and aortic
pressure (red line) as they relate to the opening and closing of heart valves. (c) Heart sounds. (d) Changes in left ventricular

volume. (e) Phases of the cardiac cycle. (Tortora an Derrickson, 2009)
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Two modes of transport

The cardiovascular tree is responsible for carrying fresh blood to the body
tissues (arteries and capillaries) and to collect used up blood from these
(venules and veins), back to the heart.

• Convection: the heart and blood vessels evolved as a rapid
transport system to cells:

• Oxygen;
• Nutrients;
• Heat;
• Collect waste products.

• Diffusion: adequate in exchange mechanisms over very short
distances:

• Oxygen is transported to blood in the lungs;
• Oxygen and nutrients are transported to tissues across vessel walls;
• Waste products are transported into the blood stream by diffusion.
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Einstein’s law of diffusion

The time t for diffusion is proportional to distance x to the power 2,
namely

t ∝ x2 (1)

Time t Distance x Example in vivo

0.000005s 0.1µm Neuromuscular gap

0.0005s 1.0µm Capillary wall

0.05s 10.0µm Capillary to cell

9.26min 1.0mm Artery wall

15.4h 1cm Left ventricle wall

Table 1. Times required by diffusion transport (left column) for various
distances (middle column) in specific physiological situations (third

column).
(Taken from Levick 2010).
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Diffusion or Advection ?

• Diffusion from a capillary to a tissue cell, distance 10 microns. Time
taken 50 milliseconds;

• For a distance of 1 cm, diffusion will take more than 1/2 day.

• Oxygen is carried by convection from lungs to vessels of extremities in
30 seconds

• By diffusion this would take more than 5 years.

• Very small organisms cope with diffusion transport, directly from the
environment.

Diffusion or Advection: that is the question.
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Blood vessels. Dimensions, numbers and wall
composition

• Blood vessels conform a branching network that starts from the aorta
branching into named conduit arteries, these branch out repeatedly
into smaller and smaller arteries with ever decreasing diameters and
ever increasing resistance, reaching the thin-walled capillaries. See
Fig. 10.

• Then capillaries converge to form venules, which converge into small
veins, which converge into large, named veins, ending up in the
superior and inferior vena cava.

• First, vessels are distinguished by their numbers and dimensions, such
as length, radius and associated cross-sectional areas, as well as the
volume of blood they can hold. Table 2 lists these quantities for
vessels in dog mesentery, while Table 3 does it for humans.
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Fig. 10. Types of vessels (Levick, 2010)
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Vessel Number Length (mm) Diam. (mm) CSA (mm2) Volume (%)
Main artery 1 60 3 7 2.5

Arterioles + smallest arteries 1 380 000 1.5–2 0.024–0.031 739 8.1
Capillaries 47 300 000 0.4 0.008 2378 5.7

Venules 2 100 000 1.0 0.026 1151 6.9
Small veins 180 000 1–14 0.075–0.28 1019 21.3
Large veins 61 39–60 1.5–6 174 46.7

Table 2: Blood vessels in dog mesentery (Taken from Levick 2010).

Vessel Lum. Diam. (mm) Wall Thick. No of vessels Blood volume Mean Press. (kPa)
Aorta 25 2 1 2 12.5

Large arteries 1–10 1 50 5 12

Small arteries 0.5–1 1 103 5 12

Arterioles 0.01–0.5 0.03 104 5 7

Capillaries 0.006–0.01 0.001 106 5 3

Venules 0.01–0.5 0.003 104 25 1.5

Veins 0.5–15 0.5 103 50 1
Vena cava 30 1.5 2 3 0.5

Table 3: Properties of the human systemic vessels. (Taken from Formaggia et al. 2009).
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Convert from Pa (N/m2) Bar Atmosphere mm Hg mm H2O

1 Pa (N/m2) 1 10−5 9.87 10−6 0.0075 0.1

Table 4: Pressure conversion table.
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Blood vessel multi-scaling and effect of branching

• Numbers involved are colossal, millions of vessels are present

• Dimensions are highly varying. Geometrical (multiple scales)

• As branching begins at the aorta, vessel radius decreases, causing
increasing resistance to flow

• As branching proceeds, cross-sectional area decreases. This is
overcompensated by the ever increasing number of vessels

• The maximum total cross sectional area is reached at the capillary
level

• As the total cross-sectional area increases, the blood velocity
decreases. Blood is slowed down at the capillary level

• Slowing blood velocity at the capillary level allows more time for
exchange mechanisms (oxygen and carbon dioxide)
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Fig. 11. Types of vessels (Tortora and Derrickson, 2009)
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Blood vessel wall

Blood vessels, apart from capillaries, have a wall composed of three layers.

1 The tunica intima (innermost layer). The main structure is a flat layer
of endothelial cells resting on a thin layer of connective tissue. The
endothelial layer is the main barrier between the blood stream and the
surrounding tissue. It is also the source of secretion of vasoactive
chemicals (nitric oxide).

2 The tunica media (middle layer). It consists of smooth muscle cells
(elastin and collagen fibres) that contribute with mechanical strength
and contractive power.

3 The tunica adventitia (outermost layer). This is connective tissue
sheath, with no clear outer boundary, that tethers the vessel to the
surrounding tissue. The adventitia is equipped to release
vasoconstrictor agents that regulate local resistance and thus blood
flow. In large vessels, the adventitia contains its own blood vessels.
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Most inner layer: the glycocalyx

It is worth noting that in addition to the three layers listed above, it is
known that blood vessels have in addition, a most inner layer called the
glycocalyx. This is a bush-like structure that contributes to the modify
the permeability properties of blood vessels.
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In addition to transporting blood, each vessel fulfils at least one extra role,
which leads to the following classes:

• Elastic arteries

• Conduit and feed (muscular) arteries

• Resistance vessels

• Exchange vessels

• Capacitance vessels

In each class of vessel, the structure of the wall is specially adapted to its
role, as follows.
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Fig. 12. Elastic arteries. Recoil of elastic arteries keeps blood flowing during ventricular relaxation (diastole). (Tortora and
Derrickson, 2009)
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Elastic arteries accommodate the stroke volume and
smooth the flow

• Heart ejection of blood. As the heart only ejects blood during
systole, if arteries were completely rigid, there would be no peripheral
blood flow during diastole

• Temporary blood storage. The distensibility of the largest arteries
(elastin) enables the aorta, iliac arteries and pulmonary trunk
(diameter 1-2cm in humans) to act as temporary blood storage
vessels. They expand by about 10% during each heartbeat to
accommodate the ejected blood

• Mechanical energy. The stretched elastin also stores mechanical
energy and during diastole, the stored mechanical energy (tension)
maintains the arterial blood pressure, which drives the blood through
the resistance vessels
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Elastic arteries accommodate the stroke volume and
smooth the flow, cont.

• Continuous blood flow. Hence, despite the fact that the heart
ejects blood only intermittently, arterial blood pressure does not fall
below of about 80 mmHg, and blood flows continuously through the
peripheral tissues

• Collagen controls elastin. Collagen is the other major extracellular
protein of elastic arteries, being about 100 times less distensible than
elastin, preventing over-distension if blood pressure rises

• Arteriosclerosis. Arteriosclerosis results from degeneration of elastin
with age, leaving the stiffer collagen a dominant role

Do not mistake Arteriosclerosis with Atherosclerosis
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Conduit arteries and feed arteries

• These arteries deliver blood to the organs, and include the brachial,
radial, femoral, cerebral and coronary arteries.

• The tunica media contains more smooth muscle and is thicker,
relative to the lumen, than in elastic arteries, preventing collapse at
sharp bends such as the elbow and knee.

• Rich sympathetic innervation; they can change their diameter actively.

• Dilatation facilitates the local increase in blood flow to skeletal
muscle during exercise.

• Contraction reduces peripheral blood flow.

• Vasospasm is an intense sustained contraction of conduit arteries
(life- saving in accidents).
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Resistance vessels

Pressure falls sharply across resistance vessels: terminal arteries and
arterioles

• Terminal arteries and arterioles dominate the resistance of the entire
circulation and they cause the major fall in pressure.

• Terminal arteries and arterioles have large resistance.

• Resistance vessels act as taps for the circulation. They turn local
blood flow up or down, according to local demands.

• Vasodilation causes fall of resistance to flow and thus flow increases

• Vasoconstriction rises local resistance, reducing local blood flow.
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Exchange vessels

Exchange vessels transfer oxygen and nutrients to tisse.

• The exchange of oxygen, CO2, metabolites and fluid between blood
and tissue occurs chiefly in the capillaries.

• Capillaries are tiny and very numerous, so most cells lie within
10− 20µm of the nearest capillary.

• The capillary wall comprises a single layer of endothelial cells 0.5µm
thick, with no media or adventitia.

• The extreme thinness facilitates the rapid passage of solutes.

• Some O2 exchange also occurs through the walls of the arterioles,
upstream of the capillaries;

• Some fluid exchange occurs downstream, in postcapillary or pericytic
venule (microscopic venule that lacks a complete smooth muscle coat;
diameter 15− 50µm).

• Strictly speaking, therefore, the term exchange vessel includes
capillaries and microvessels immediately upstream and downstream.
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Exchange vessels, cont.

• Although capillaries are very narrow, the capillary bed as a whole has
a surprisingly low resistance to flow, and the pressure drop across it is
only about 20µm (Figure 8).

• The low resistance is due to multiple factors: the very large numbers
of capillaries running in parallel (Table 1.2), their shortness and bolus
bolus (single file flow).

• The large cross-sectional area of the capillary bed slows the blood
velocity to 0.5-1 mm/s (Figure 1.10).

• As a result, the transit time for a red cell to traverse a systemic
capillary is 0.52 s. This allows the red cell sufficient time to unload
oxygen and take up CO2 from the tissue.
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Arteriovenous anastomoses

Arteriovenous anastomoses regulate heat exchange.

• A few tissues, notably the skin and nasal mucosa, possess wide shunt
vessels of diameter 20− 130µm that connect arterioles directly to
venules, bypassing the capillaries.

• These shunts are called arteriovenous anastomoses (singular,
anastomosis).

• Their thick muscular walls are richly innervated by sympathetic
vasoconstrictor fibres. In the skin, they are involved in the control of
body temperature, and in the nasal mucosa they help to warm the
inspired air.

• Arteriovenous anastomoses are not common in other tissues.
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Capacitance vessels

Capacitance vessels are venous vessels that act as blood reservoirs.

• Venules (diameter 50-200 µm) and veins differ chiefly in size and
number. Thin wall: intima, thin media of smooth muscle and
collagen, and the adventitia.

• In limb veins the intima has semilunar valves that prevent the
backflow of venous blood under the drag of gravity

• Large central veins and the veins of the head and neck lack functional
valves

• Venules and small veins are more numerous than the corresponding
arterioles and arteries, so their net resistance is low.

• Consequently, a pressure drop of only 10-15 mmHg is sufficient to
drive the cardiac output from the venules to the right atrium.
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Capacitance vessels, cont

Capacitance vessels are venous vessels that act as blood reservoirs.

• Because of their large number and size, veins and venules contain
about twothirds of the circulating blood at any one instant, and are
therefore called capacitance vessels

• The volume of blood in this venous reservoir is variable, partly because
the thin venous wall is easily distended/collapsed, and partly because
many veins are innervated by sympathetic vasoconstrictor fibres.

• At times of physiological stress an increase in sympathetic fibre
activity constricts the capacitance vessels, displacing blood into the
heart and arteries to help maintain arterial pressure.
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Fig. 5. Characteristics of blood vessels (Tortora an Derrickson, 2009). 37 / 44



Flow and transport: flow, pressure and resistance

The chief factor in driving the flow of blood is the gradient of blood
pressure.

• Ventricular ejection raises aortic blood pressure to about 100mmHg
above atmospheric pressure

• Pressure in the great veins, however, is close to atmospheric pressure

• There is thus a large pressure difference driving blood from artery to
vein

• The usual CVS units of pressure are mmHg above atmospheric
pressure, because human blood pressure was, until recently, measured
using a mercury column, with atmospheric pressure as the reference
or Zero Level
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Fig. 8. Variation of haemodynamics quantities across the vasculature (Levick, 2010)

39 / 44



Flow and transport: flow, pressure and resistance

• Arterial pressure is pulsatile, because the heart ejects blood
intermittently (systole), with rests in-between (diastole)

• During diastole the systemic arterial pressure decays from a peak of
about 120mmHg to a trough of about 80mmHg; and pulmonary
artery pressure decays from 25mmHg to 10mmHg. This is
conventionally written as 120/80mmHg and 25/10mmHg,
respectively
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A simple law links flow, pressure and conductance

Consider the simple case of steady, non-pulsatile flow of water or plasma
along a long rigid tube, driven by a constant pressure head. Under these
conditions

Q̇ ∝ (P1 − P2) (2)

Flow is, by definition, the volume transferred per unit time. Flow is thus a
rate of transport.

If we insert a proportionality factor, K, into the above relation,we obtain

Q̇ = K(P1 − P2) (3)

The proportionality factor K is called the hydraulic conductance of the
tube. It is a measure of the ease of flow, and depends on tube width. The
wider the tube, the greater the conductance and the bigger the flow
generated by a given pressure gradient.

Thus a large artery has a bigger conductance and carries a bigger flow
than a narrow arteriole.
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Resistance is the opposition to flow

Instead of considering the ”ease of flow” (conductance), it is often more
convenient to quantify the ”difficulty of flow”, or hydraulic resistance. Note

Resistance R =
1

K
(4)

Thus we can rewrite the above basic law of flow as

Q̇ = (P1 − P2)/R (5)

This is Darcy’s law of flow, which is analogous to Ohms law, namely

flow of electrical current = voltage difference/electrical resistance. (6)

Darcys law tells us that
R = (P1 − P2)/Q̇ (7)

so resistance is the difference in mean pressure needed to drive one unit of
flow in the steady state, and its units are mmHg per ml/min.
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Summary of resistance

Resistance to flow is defined as the pressure difference needed to
drive unit flow through a vessel or set of vessels.

This stems from Darcy’s law of flow.

• Since the biggest pressure drop occurs across the terminal arteries
and arterioles (resistance vessels), these vessels are the main site of
resistance to blood flow.

• Resistance vessels regulate local blood flow (tap function). If they
dilate, resistance falls and blood flow to the downstream tissues
increases, for example in exercising muscle.

• Conductance is the inverse of resistance.
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Further reading:

• Gerard J. Tortora and Bryan Derrickson. Principles of Anatomy and
Physiology. John Wiley & Sons, Inc. 12th Edition, 2009. Chapters 20
and 21.

• J R Levick. Cardiovascular Physiology. Hodder Arnold, Fifth Edition,
2010. Chapters 1 and 8.

• Y C Fung. Biomechanics. Circulation. Second edition. Springer,
1997.

• L Formaggia, A Quarteroni and A Veneziani (Editors). Cardiovascular
Mathematics. Springer, 2009.
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