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Question 1. Consider the equation
∂tq + ∂xf(q) = 0 , (1)

with physical flux f(q) = λq, where λ is a constant wave propagation speed. Assume that this equation
is solved with the conservative method

qn+1
i = qni − ∆t

∆x
(fi+ 1

2
− fi− 1

2
) , (2)

with numerical flux fi+ 1
2
.

1. Describe in complete detail the application of the Godunov method (its finite volume interpre-
tation) to compute the numerical flux in (2), for both cases λ > 0 and λ < 0, separately.

2. Write the resulting schemes, for both cases λ > 0 and λ < 0, as a three-point scheme
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explicitly identifying the expressions for the coefficients.

3. Considering, separately, both cases λ > 0 and λ < 0, find the local truncation error of the
Godunov scheme and state its accuracy.

Question 2. Consider the following initial-value problem for the Burgers equation

PDE: ∂tq + ∂xf(q) = 0 , f(q) = 1
2q

2 ,

IC: q(x, 0) = h(x) =


−1 if x < 0 ,

1 if x > 0 .

 (4)

1. Draw the picture of characteristics associated with the initial condition in the x-t plane.

2. Find the rarefaction solution q(x, t) to (4) and draw the corresponding picture of characteristics
in the x-t plane.

3. Verify that the above solution satisfies the integral form of the conservation law for an arbitrary
quadrilateral control volume in the x− t plane.

4. Draw solution profiles at times t0 = 0, t1 = 1 and t2 = 2.

Question 3. Consider the following Riemann problem for the traffic flow equation

PDE: ∂tq + ∂xf(q) = 0 , f(q) = f(q) = umax(1 − q/qmax)q ,

IC: q(x, 0) = h(x) =


qL if x < 0 ,

qR if x > 0 .

 (5)

1. Find the characteristic speed λ(q).

2. Assume the initial data qL, qR to be connected by a shock wave. Apply the Rankine-Hugoniot
conditions and find an expression for the shock speed.

3. Find conditions on the initial data qL, qR for the shock to be entropy satisfying. Compare your
conclusions with the Burgers equation case.
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Question 4. Consider the general inhomogeneous non-linear hyperbolic system

∂tQ + ∂xF(Q) = S(Q) . (6)

1. Provide a detailed description, step by step, of the MUSCL-Hancock second-order method ap-
plied to (7).

2. Repeat the above description applied to the model linear advection-reaction equation

∂tq + λ∂xq = βq , (7)

where β and λ are two constants. You are expected to carry out explicitly all the relevant
calculations and to provide the final form of the scheme, but without specifying the slopes used
in the reconstruction step.

Warning:
Each step in your answers must be rigorously justified using the theory.
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