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Question 1. Consider the linear advection equation

∂tq + λ∂xq = 0 , λ: constant wave propagation speed . (1)

1. Using suitable finite difference approximations to the partial derivatives in (1), construct the
finite difference version of the Godunov method for the case in which λ < 0. Justify every step.

2. Analyse the local truncation error of the following finite difference scheme

qn+1
i = qni − c(qni − qni−1) . (2)

3. Write the local truncation error for (2) in terms of the second-order spatial derivative of q(x, t)
and discuss the meaning of the coefficient of viscosity and its influence on the numerical solution,
assuming λ > 0.

4. Derive the modified equation for scheme (2) and discuss its meaning, assuming λ > 0.

Question 2. For the linear advection equation (1) for λ > 0

1. Construct the Kolgan scheme, from the conservative formula, by taking the downwind slopes,
namely

∆i =
qni+1 − qni

∆x
. (3)

2. Write the resulting Kolgan scheme as a linear scheme with coefficients of the form bk.

3. Analyse the linear stability of the method either using the von Neumann method or Billett’s
method.

Hint: Recall that this task involves (a) reconstruction (b) boundary extrapolation values and (c)
Riemann problem solution for the flux.

Question 3. Consider the general inhomogeneous non-linear hyperbolic system

∂tQ + ∂xF(Q) = S(Q) . (4)

1. Provide a detailed description, step by step, of the MUSCL-Hancock second-order method ap-
plied to (4).

2. Repeat the above description applied to the model linear advection-reaction equation

∂tq + λ∂xq = βq , (5)

where β and λ are two constants. You are expected to carry out explicitly all the relevant
calculations and to provide the final form of the scheme, but without specifying the slopes used
in the reconstruction step.

Warning:
Each step in your answers must be rigorously justified using the theory.
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